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Abstract
The Backlund transformations for the Nizhnik—Novikov—Veselov equation are
presented. It is shown that these transformations can be iterated and that the
resulting sequence can be described by the Volterra equations. The relationships
between the Nizhnik—Novikov—Veselov equation and the Volterra hierarchy are
discussed.

PACS numbers: 02.30.1k, 05.45.Yv

1. Introduction

In this paper I want to discuss the Backlund transformations (BTs) for the asymmetric version
of the Nizhnik—Novikov—Veselov equation (NNVE) [1-3],

{02 _pt+pxxx+6(wp)x (1.1)

0=p, +w,.

The BTs which will be discussed below belong to the class of transformations studied in [4-7].
Contrary to the Backlund—-Darboux (or soliton-adding) transformations, they do not possess
the superposition property but appear in sequences that can be described by some discrete
equations, which turn out to be integrable as well as the original system.

I am going to start with the traditional approach: in section 2, I present a set of relations
and prove (in appendix A) that they indeed link different solutions of the NNVE. Then by
introducing some additional functions I rewrite these relations as a set of bilinear equations
which can be shown to belong to the Volterra hierarchy (VH) (section 3). To demonstrate
the relations between the NNVE and the VH, I derive the former from the latter (section 4),
i.e. I show that the NNVE can be obtained as a differential consequence of equations of the
VH. Finally, I discuss the derived BTs in the framework of the zero curvature representation
(section 5).
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2. Backlund transformations
In what follows I use instead of p and w from (1.1) the corresponding tau-function. To
introduce it we first ‘solve’ the second equation of (1.1) by presenting p and w as

D= —Axy W = Ayy. 2.1
In terms of X the system (1.1) becomes

Aty = Axxxy — OAyxAyy =0 (2.2)

(here I have omitted a term which does not depend on x and can be eliminated by a symmetry
transform). In terms of the function t given by

T =expi 2.3)
equation (2.2) can be rewritten in the bilinear form
(Dyy = Dyxy)t -1 =0 2.4)

which is the simplest DKP equation, according to the classification of Jimbo and Miwa [8].
Here the symbol D stands for Hirota’s bilinear operators

_ am 8}1
C9Em g

Using the tau-function 7 and its logarithm X the central result of the paper (the BT for the
NNVE) can be formulated as follows: if two tau-functions, t and 7, are related by

DIDy---a-b cea(x+E Yy, )b —E,y =1, . )lemp=z0- 2.5)

3.0 .
Ar = Ay + A +3A, M, + A—Axx)\” (2.6)
0= Apyhey — Ay 2.7)
0 = Ayxyhny — Apyhany +2A% — My, (2.8)
where
A=xr—2x M=x+A (2.9)
with
r=Int A=Int (2.10)

and one of them, say 7, solves (2.4), then the other one, 7, is also a solution of (2.4).

Of course, expressions (2.6)—(2.8) are rather cumbersome and, if one wants to prove that
(1) this system of three equations for two functions is compatible or that (ii) these relations are
indeed BTs, one needs rather lengthy (though not very difficult) calculations. In appendix A,
I give a direct proof of the statement (ii). As to the question (i) I will return to it in section 4
when our BT will be reformulated in a more elegant and transparent form.

3. From NNVE to VH

The aim of this section is to show that BT (2.6)—(2.8) can be described by equations from the
VH. To do this we need to introduce some quantities which enable us to reformulate the BTs
discussed above in a more transparent way. Consider functions o, § and p, p defined by
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T T,
0 =——DMXyy 6 =——MXyy 3.1
T T
and
3 3. A
P = _p(kxxy + Ax)”xy) p= ?()‘xxy - Ax)‘xy)~ (3.2)
Noting that
A T
08 = Thhgyhyy = T (1n 7) (3.3)
: T/x

(I have used (2.7)) one can rewrite the last equation and the definitions of p and p in a similar
bilinear way:

D,o -1 =pT D.t-T =06 D,T-6 =1p. (3.4)

One can also obtain a set of bilinear equations involving y-derivatives. Differentiating (3.1)
with respect to y we get

Dyo -t —1* =10 (3.5)

Dy6 -t +1t* = —1?0 (3.6)
where

O = Ayyy +2A50,y +1 (3.7

O =Ry —2A,4,, — 1 (3.8)

while equations (3.2) lead to

Dyp-7—0= —%(@)x +A,0) (3.9)
~4
Dt +6% = %(@X—Ax@). (3.10)

To calculate the quantities ® and ® one can obtain, by differentiating (2.7) and (2.8) with
respect to y, the following identities:

dy® + 1,0 =0 (3.11)
Ay — hyry® — Ay Oy +24,,, O =0 (3.12)
which give
0] 6
— ] =0 and - =0. (3.13)
Ay ), v )
Hence
O = Phyy and O = Phyy (3.14)

where ¢ and ¢ are some functions which do not depend on x,
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Returning to (3.11) one can conclude that § = —¢. This leads, together with (3.1), to the
following result for © and ©:

ot A 6

T T

Finally, one can rewrite (3.9), (3.5), (3.6) and (3.10) as

Dyp-r—goprzcrz Dya-f—goofzrz

Dyt -6 — @16 =12 Dyt -p—@tp =62 G-17)
One can clearly see that our six functions form a chain

p—>6—>1t—>1—>0—p. (3.18)
Indeed, after introducing the sequence of tau-functions t,,,

T1=T 7o = T exp(P)

7, = o exp(—P) 71 =6 exp(2P) (3.19)

73 = pexp(—20) T = pexp(3P)
where @ is an antiderivative of ¢/2,

®, = g (3.20)
equations (3.4) and (3.17) become

D Ty - Ty = T2 Tt n=-1,0,1 (3.21)
and

DyTyst ~Tyo) = T2 n=-1,0,1,2. (3.22)

It can be shown that the sequence t_, — --- — 1, can be extended in both directions

to infinity: we can introduce functions 7, for n = £3, £4, ... in such a way that they will
satisfy (3.21) and (3.22),

DTyt - Ty = TnaaTu—i (3.23)
and

DyTyst - Tyt = T2 (3.24)

for every n (see appendix B).
One can easily recognize in (3.23) the classical Volterra chain written in the bilinear form.
Indeed, the quantities u, defined by
Tn—2Tn
u, = 22 (3.25)
Tn—1Tn
solve the famous Volterra equation
8xun = un(“nﬂ - un—l) (326)

(where 9, = 9/0x). As to equations (3.24), they are nothing but the simplest equations of the
negative Volterra hierarchy discussed in [9]. Finally, the t-equation (2.6) of our BT is, in the
terms of the tau-functions t,,, the third equation of the classical (positive) VH,

(Dt = D) - Tam1 = 3Tu—3Tus2- (3.27)

Now let us compare our BTs with the standard ones which can be derived using Hirota’s
bilinear approach as follows. Denoting the left-hand side of (2.4) by E,

E(t) = (Dty - Dxxxy)T T (3.28)
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one can decompose the difference E(1)T> — t2E(T) as
E(1)T* — T?E(®) =2D,[(D; — Dy,)T - T) - TT+6D,(DyyT - T) - (D, 7 - 7). (3.29)

This implies that, if functions t and T are related by

D, — Dy, —3a)T-T=0 ay, =0
i( ' ) Y (3.30)

(ny_lng)T'?:O ﬁx:O

and E(t) = 0, then E(7) = 0 as well, i.e. that system (3.30) describes a BT.

It was noted in the introduction that the BTs of the type discussed in this paper differ
essentially from the usual BTs (3.30). This fact manifests itself in many aspects. Usually
applications of BTs (3.30) lead from simple solutions to more complicated ones. The most
bright example is the following. Let us apply (3.30) to the trivial tau-function v = 1.
By solving the corresponding linear equations we come to the tau-function T which is a
generalization of the one-soliton tau-function that can be obtained, say, by Hirota’s method.
At the same time the simplest (vacuum) solution of the Volterra equations remains trivial
(in the sense that it gives the zero solution of the NVVE) for all the values of n. The same
can be said about more complex situations. BTs (3.30) at every step change the structure of
solutions (add a soliton), while a shift of the Volterra index, n — n % 1, usually leads to
less essential changes. The only known exception is the determinant (Hankel, Wroskian, etc)
solutions where the index 7 is related to the size of the matrix. However, these solutions have
not been extended yet to satisfy the negative equations of the VH, so I cannot discuss them in
the context of the NVVE.

The relationships between the BTs of both the kinds have been studied for the (1+1)-
dimensional integrable systems such as the modified KdV or nonlinear Schrodinger equations
(see, e.g., book by Newell [10]). In the most transparent way the difference between them can
be exposed in the framework of the inverse scattering approach. The soliton-adding BTs similar
to (3.30) are related to the Darboux transformations of the associated linear problem: they
add zeros to the corresponding scattering data. That is why they are often called Backlund—
Darboux transformations. Transformations similar to those proposed in this paper, which
are described by integrable chains (for example, in the case of the nonlinear Schrodinger
equation it is the Toda chain), are of a different kind. They are related to the Schlesinger
transformations of the scattering problem and change the asymptotics (monodromy) of the
fundamental solutions as functions of the spectral parameter (see, e.g., chapter 5 of [10]).
However, the inverse scattering approach for the NVVE is out of the scope of this paper and
more elaborate discussion of this question needs further studies.

However, in some cases the relationships between both kinds of transformations are rather
transparent. One can show using equations (3.23) and (3.24) that Volterra tau-functions solve
(in the case of the proper boundary conditions)

Dyt - Tyt + DyTppy - 7,2 = 0. (3.31)

Taking this equation together with the third Volterra equation (3.27) one can show that Volterra
tau-functions satisfy the system

(Dt - Dxxx)rn *Tp—1 — 3‘[,,,31'”.'.2 =0 (332)
nyTn “Tp—1 t D_vfn+l T 2=0
which can be reduced to the one similar to (3.30). Indeed, in the three-periodic case

The3 = T (3.33)



5672 V E Vekslerchik

equations (3.32) become
(Dt - Dxxx - 3).’:n cTh—1 = 0

3.34
Dyt - 1,—1 = 0. ( )

(Note that (i) the VH — NVVE correspondence is valid for any solutions of the VH and that
(i) periodic reductions are compatible with the Volterra equations.) Comparing (3.34) with
(3.30) one can easily note that (3.34) coincide with (3.30) witha = 1 and § = 0. So, one can
conclude that the BTs described by the three-periodic Volterra equations are a particular case
of the classical BTs (3.30). This situation, when Schlesinger transformations turn out to be
some special (sometimes singular) cases of the Backlund—Darboux transformations, has been
already discussed in the literature (see, e.g., [11, 12]). Of course the calculations presented
above cannot give an exhaustive analysis of the relations between these BTs. I repeat, they
are restricted to the three-periodic case, when the Volterra chain, I would like to recall, is
nothing but a Painleve, namely the PIV, equation which is known to posses a number of
peculiar features. Thus, the question of how to construct the BTs described by the VH of the
Backlund-Darboux transformations remains to be settled and surely deserves further studies
(probably in a more general framework).

4. From VH to NNVE

The way from the VH to the NNVE is more straightforward than the calculations described
in the previous sections: one has to write down three equations of the extended VH and show
that any of their common solutions also satisfies equations (1.1) or (2.4).

The VH is an infinite set of differential-difference equations compatible with the discrete
problem

Tn—2Th+1
Yn1 — Y + S =0 Uy = T 4.1
n—1tn

The classical (or ‘positive’) Volterra equations are evolution equations du, /0t; = F two
of which have already been written down (see (3.26) and (3.27)). Another type of the Volterra
equations, which are non-local and which when taken together form the ‘negative’ VH, were
discussed in [9]. The simplest of them is (3.24). The very important point is the fact that all
equations of the extended VH (both the classical and the ‘negative’ ones) are compatible. So,
we can consider them simultaneously as one infinite system. We can think of u, (or t,) as
functions of an infinite number of times, 7, = 7,(t1, 2, ..., {1, . . .), where the dependence on
tj (t;) is determined by the jth ‘positive’ (‘negative’) Volterra equation.

Hereafter I will restrict myself to the finite subsystem of the VH, consisting of the
equations mentioned above: the first and the third equations of the ‘positive’ subhierarchy
(the corresponding times will be denoted by x and ¢) and the first ‘negative’ equation (with y
used instead of 7;). So, we will deal with the system

DT, - Tt = Ty2Tprt (42)
(Dt =D )T T = 3‘1,',,,31',”.2 (43)
Dyrn+1 Th—1 = Tn2 (44)

and before proceeding further I would like to return to the question of the compatibility of
the system (2.6)—(2.8). It turns out that we do not need to prove this fact separately: system
(2.6)—(2.8) is equivalent to (4.2)—(4.4) which is a part of the VH, while consistency of the
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latter has already been established (compatibility of equations of an integrable hierarchy, or
commutativity of the corresponding flows, is one of the ingredients of its integrability).

The main result of this section, the transition from the VH to NNVE, can be achieved by
the following simple calculations. Returning from Hirota’s bilinear differential operators to
usual ones, one can present equation (4.3) with the help of (4.2) as

(0, — Oyxy) In T"l = 3upUpytty_y + 3u,,+1ui + 3uﬁu,,,1 + uz 4.5)
which gives for the quantity p,,,

oy = Tn—tlgml (4.6)
the identity

(0 — Oxxx) P = 60x (Wn pn) .7
where

wy, = T"722T"+2 = Upllps. (4.8)

rn

On the other hand, (4.4) leads to

Oywy = pu(Uy — Ups1). (4.9)

Applying (4.2) again one can easily show that the right-hand side of the last equation is nothing
but —9, p,. So

dywy + 0 py = 0. (4.10)

Comparing (4.7) and (4.10) with (1.1) one can see that for any n functions p, and w, solve
the NNVE.

Using the fact that w, = 9d,,In7, and p, = —0,, In7, (these formulae can be derived
from (4.2) and (4.4) after neglecting some unessential constants, which can be incorporated in
the definition of 7,,) we can reformulate this result as follows: for each n the tau-function of the
VH, t,, is a solution of the bilinear NNVE (2.4). In the context of the NNVE the meaning of
the Volterra index # is clear: 7 is the number of solutions in the sequence of the BTs discussed
in the previous section.

5. BTs and zero-curvature representation

So far we have discussed the BTs in terms of solutions of our nonlinear equation only: both
(2.6)—(2.8) and (3.30) are expressions which establish some links between different solutions
of the NNVE. However, the structure of BTs for nonlinear integrable systems becomes more
transparent when expressed in terms of the solutions of auxiliary linear problems. For example
the NNVE can be presented as the compatibility condition for the system

@xy = 2pg
@r = Pxxx + 6w(px
(the so-called zero-curvature representation) and transform (3.30) T — 7 with 8 = 0,
Dyt-T=0 5.2)
leads to the following transformation of ¢
~ %- - Axa =—¢, — Ao
Y= ~ ~
Oy — Ay@ = ¢t Ay(p

5.1

>

Il

5
QU

(5.3)
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(these transformations are known as Loewner transformations [13] and were discussed, e.g.,
in [14, 15]). I cannot present simple formulae for the Volterra sequence of the BTs in the
framework of the auxiliary problem (5.1). It turns out that to describe the BTs of this paper
it is more convenient to use another linear problem associated with the NNVE which can be
derived from the zero-curvature representation of the VH.

It can be shown that the evolution of the functions 1, from with respect to the flows
described by (4.2)—(4.4) can be written as

8x¢n = Up (¢n+l - Wn) (54)
1
8yllfn = (wn—l - I//n) (5.5
Pn—1
8twln = unun+lun+2¢n+3 + Olnlpn+2 + ,Bn'(prwl + ynl//n (56)

where u, and p, are defined in (3.25) and (4.6), while «,,, B, and y, are some coefficients not
written here explicitly. Equations (5.4) and (5.5) lead to

8xy¢n = Pn(—%q + an - Wnﬂ) (57)
which can be transformed to
1
Oy ¥y + —— 0¥, +u, 0y, = 0. (5.8)
Pn—1

At the same time equation (5.6) can be presented as

at‘pn = xxan + 3(un—l + un)axxl//n + 3[(un—l + un)z + wn]aan (59)

where w, = u,u,. (see (4.8)). Note that the last two equations can be rewritten in the
‘one-site’ form

axywn = UnOxYn + vy aywn (5.10)

atd’n = xxan + 3anaxx1ﬂn + 3(“,% + wn)aan (511)
where

oyhy, Oxyhy, Ochy,
Mn = - Vn = - ap = — (512)
h, 20,h, hy,

with

h, = =2 (5.13)

Tn

Equations (5.10) and (5.11) can be used as a zero-curvature representation of the NNVE,
different from the traditional one given by (5.1). Indeed, one can check by straightforward
calculations that the compatibility condition for the system

wxy =, + ‘”//y (5.14)
Vi = Vnx +3aWr +3(@° + W)Yy (5.15)
where
hy Ny h,
== = =—— 5.16
K= T a h (5.16)

can be reduced to the system (1.1) for the quantities w and p = pv.
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In terms of this zero-curvature representation it is clearly seen that the Volterra sequence
of BTs discussed in this paper can be constructed by means of rising/lowering operators
Yy — Yua given by (5.4) and (5.5):

Vel = <i8x + 1) Yn 5.17)
Un
I/fnfl = (pnflay + 1)1/fn (5.18)

Thus our sequence of BTs for the NNVE is generated by the iteration of the Laplace—Darboux
transformations for the linear problem (5.14) and (5.15).

6. Conclusion

In this paper I have derived the BTs for the NNVE and have shown that these BTs can be
iterated and that the resulting sequence can be described by the Volterra equations. The same
result can be reformulated in a more general way: the NNVE can be embedded in the extended
Volterra hierarchy by presenting it as a result of the combined action of the Volterra flows.

At the end I want to give the following remark. Among the three Volterra flows we used
there were two ‘positive’ ones, d/dt; and d/9¢3. So, an interesting question is about the role of
the ‘skipped’ second Volterra flow, d/9t,. In terms of the NNVE, /91, can be viewed as some
nonlocal symmetry. This symmetry could be used to derive the BTs, but I preferred the more
standard approach of introducing additional tau-functions (o, p,...) instead of introducing
additional independent variables (#, and others). However, it should be noted that the second
strategy is already known and had been shown, say, in [16] to be rather useful in a wide range
of situations. The question of #,-dependence is also interesting because it leads us to the
Kadomtsev—Petviashvili (KP) equation. Indeed, it can be shown that any tau-function t, of
the Volterra hierarchy also solves

(4D1D3 —3D; — D))t - 7, =0 (6.1)
where D; are the Hirota operators corresponding to ¢;, which means that 7, is a tau-function
of the KP equation as well (or, in other words, that the KP equation can be embedded in the
VH). So, the NNVE can be considered as a (nonlocal) symmetry of the KP equation. This fact
can enlarge the area of application of the former and clarify its place among other integrable
partial differential equations.
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Appendix A

A proof of the fact that equations (2.6)—(2.8) are indeed the BTs can be given as follows. For
the quantity £ defined by (3.28),

E(t) = (Diy — Dyxxy)T - T (A.1)
one can get, using explicit expressions for Hirota’s bilinear operators, that
E(r)y E@) 1 1
- = _Ary - _Axxxy - Axnyx - AxxMxy~ (A2)

672 6%2 3 3
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Substitution of A, from (2.6) gives

E(t) E(%) Axxhrx )
=~ = + A Moy — A Moy + A2 A, (A3)
y

Ay

To proceed further we derive from (2.7) and (2.8) expressions for A,,, and me. After
differentiating with respect to x equation (2.7) becomes

Arxyhay + Aeyhpey — Agy = 0. (A4)
Adding/subtracting (2.8) to/from this identity one can get

— A (A.5)
+ Axx (A.6)
which leads, after multiplying (A.5) by A.,, (A.6) by ixy and using (2.7), to

Ax)\xxy = )\xy ()\xx - Ajzc) (A7)

Ax/)\\xxy = j\\)cy (A)ZC - ixx)- (AS)

Now one can calculate (X“ixx Ay

ek | My A hax
= iy + gy — Ayy (A.9)
( A, » AL XXy AL XXy A% Xy
)"xxAxy 2 A Axyj\xx 2 Axy a
=0 (A — ) + A2 (hex — A7) — A2 Arxrx (A.10)
= )\xxixy - )nyj\)or (A.11)

On the other hand, summarizing (A.7) and (A.8) one can get

Ax Mxxy = )\xx)"xy - Rxxj\xy - Ai Axy (Alz)
= )\xx (Mxy - j\")cy) + ixx ()\xy - Mxy) - A)chxy (A13)

which leads to
AcMyyy — A Moy + A2A Ly = Aiyhr — Apxhy. (A.14)

Comparing (A.11) and (A.14) one can conclude that the right-hand side of (A.3) equals zero.
This means that

E)=0 = E#) =0 (A.15)

if T and 7T satisfy (2.6)—(2.8). This completes the proof of the fact that relations (2.6)—(2.8)
are indeed a BT for the NNVE.

Appendix B

Here I discuss a proof of the fact that the ﬁ_nite system (3.21), (3.22) can be extended to infinity.
Consider first the bilinear quantities V,,, V,, and C,, defined by
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Vi=D,T,  Tyoel — Tus1 T2 (Bl)
Vn = Dyfn+l cTh—1 — 7,12 (B2)
C, = %nytn T+ The1 Tn—1 (B3)

From the definition of Hirota’s operators one can derive by simple algebra the fourth-order
identities

I/ 2 2
fnTn—anH - fn+lTnVn - Dan * Tl Tp—1 t Tn_lcn+1 - T,H.]Cn—l =0 (B4)
and
V2 7 2 2
Tn+1Tn—1 vn+l — Tu+2Tn Vn + Dy Vn+1 TutlTh — T, Cn+1 + Tn+1cn =0 (Bs)

which are satisfied by any sequences of 7,. My aim now is to show thai ifV,=V,=0fora
sufficiently large number of sequential values of n, then all the V,, and V,, are equal to zero as
well. To do that I rewrite (B.4) and (B.5) as

pi Yuer = Yn) =Y n + Zyt — Zyo1 =0 (B.6)

Un(Yos1 = Y,) + Y1 — Zy1 + Z, =0 (B.7)
where

Y, = rnfrn Y, = % Z, = % (B.8)

(I presume that none of 7, are equal to zero) from which it follows that

1 - — — — _
_(Yn+1 - Yn) + 8)c(Yn+1 + Yn) = un+1(yn - Yn+1) + un(ynfl - Yn) + 8xYn (Bg)

n

or
7n+1 = lin(Y,41, Yy, 7117 ?n—l) (B.10)

where lin(- - -) is a linear combination of its arguments (and their derivatives).
Now we can return to the Volterra equations. The finite Volterra system (3.21) and (3.22)
can be written as

Yo=Y, =Y,=0 and Y =Yy=Y,=Y,=0 (B.11)

So, if we define 14 as 14 = (D, 13 - 7) /T (Which means that Y3 = 0), then by virtue of (B.10)
we get Y3 = 0. Repeating this procedure we can define an infinite set of 7, in such a way that

Y,=Y,=0 for n>0 (B.12)

It is also possible to define tau-functions for n < —3 to ensure vanishing of all ¥,, and Y,
for n < 0. This means that these tau-functions will be solutions of the first positive and first
negative Volterra equations:

V,=0 V,=0 for n=0,+1,42,.... (B.13)

In a similar way one can consider the chains of identities for the bilinear combinations of
tau-functions which generate the 7-equation (3.27) of the VH.
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